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Objective

Objective: Understand the dynamics of the S&P 500 index and the
market prices of various sources of risks

Instruments: By observing the variations of the index options across a
wide range of strikes, maturities, and calendar days.

We hope to use a large cross section of options to partially replace
the requirement for an ultra long time series on the index.

We hope to better disentangle the different risk sources underlying
the index through time-series variation of the large cross section.
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The information content of an implied volatility smile

Most people agree that the geometric Brownian motion used by Black,
Merton, and Scholes to price options is too restrictive.

Nonetheless, practitioners commonly use the Black-Merton-Scholes
implied volatilities as a communication tool.

Academics also often rely on the variations of implied volatilities across
option strike prices, maturities, and calendar time to infer how the
underlying security price dynamics deviate from the GBM assumption.

When the implied volatilities are plotted against the strike price at a
fixed maturity, one often observes a skew or smile pattern.

The smile/skew has been shown to be directly related to the conditional
non-normality of the underlying return risk-neutral distribution.

A smile reflects heavy tails in the return distribution.

A skew indicates return distribution asymmetry.

These are all well known...

Liuren Wu (Baruch) Leverage Effect, Volatility Feedback, and Self-Exciting Market Disruptions7/30/2010 3 / 27



Where do the heavy tails come from?

Statistically, there are at least 3 ways (data-generating processes), from
which the tails can grow heavy/asymmetric.

Return innovations jump, e.g., Merton’s compound Poisson jump,
α-stable Lévy motion (or its dampened version).

Volatility is stochastic, with its innovation correlated with return
innovation, e.g., Heston.

Return volatility is a function of the price level, e.g., Dupire.

Understanding the underlying dynamics becomes important when we

Price path-dependent options and hedge derivative positions.

Understand the evolution of options (or the implied volatility
smile/skew) across different maturities and dates

How does the return non-normality vary across different
conditioning horizons — CLT?
How does the return non-normality vary over time — IID?

We want to understand which process generates what behavior.
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Multiple channels of economic interactions

We also want understand the economic rationale behind the statistical
process.

1 The leverage effect: With business risk fixed, an increase in financial
leverage level leads to an increase in equity volatility level.

A financial leverage increase can come passively from stock price
decline while the debt level is fixed — Black (76)’s leverage story.

It can also come actively from active leverage management.

2 The volatility feedback effect on asset valuation:

A positive shock to business risk increases the discounting of future
cash flows, and reduces the asset value, regardless of the level of
financial leverage.

3 The self-exciting behavior of market disruptions:

A downside jump in the stock (index) price leads to an upside spike
in the chances of having more of the same.
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The model

Decompose the forward value of the equity index Ft into a product of
the asset value At and the equity-to-asset ratio (EAR) Xt ,

Ft = AtXt . ⇐ This is just a tautology,

Separately model the (risk-neutral) dynamics of Xt and asset value At .

Model Xt as a CEV process: dXt/Xt = δX−p
t dWt , p > 0.

Leverage effect: A decline in X reduces equity value, increases
leverage, and raises equity volatility.

Model the asset value At as an exponential martingale,

dAt

At
=

√
vZ
t dZt +

∫∞
0

(ex − 1)
(
µ+(dx , dt)− πJ+ (x)dxv J

t dt
)

+
∫ 0

−∞ (ex − 1)
(
µ−(dx , dt)− πJ−(x)dxv J

t dt
)
,

dvZ
t = κZ

(
θZ − vZ

t

)
dt + σZ

√
vtdZ v

t , E [dZ v
t dZt ] = ρdt,

dv J
t = κJ

(
θJ − v J

t

)
dt−σJ

∫ 0

−∞ x
(
µ−(dx , dt)− πJ−(x)dxv J

t dt
)
.

Volatility feedback — ρ < 0.
Self-exciting crashes — σJ > 0. Negative jumps in asset return are
associated with positive jumps in the jump arrival rate v J

t .
VG jumps: πJ+ (x) = e−x/vJ+ x−1, πJ−(x) = e−|x|/v

J− |x |−1.
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Why separately model asset value and leverage?

Financial leverages may not increase when asset prices are down.

Firms actively manage their leverages (Adrian & Shin (2008)):

Commercial banks try to keep their leverage constant.
Investment banks take larger leverages during booming periods and
de-lever during recessions.

The traditional leverage story (on the negative relation between stock
returns and volatilities) work better for households (and to a lesser
degree manufacturing companies) with passive capital structure
managements.

We use the model for pricing SPX options, but the same logic can also
be used, more naturally, on single name options.

Do firms following different financial leverage decision rules show
different option pricing behaviors on their stocks?
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The stock price dynamics with price level dependence

The stock price dynamics:

dFt/Ft = δ
(

Ft

At

)−p

dWt +
√

vZ
t dZt

+
∫

R0
(ex − 1)

(
µ(dx , dt)− πJ(x)dxv J

t dt
)
.

1 The local volatility effect of Dupire:

Scaling Ft by At (both in dollars) makes the return variance a
unitless quantity,
and renders the dynamics scale free and stable in the presence of
splits or trends.

2 The stochastic volatility of Heston:

Used purely for volatility feedback, regardless of leverage.

3 The dampened power law for jumps:

Arrival rate varies stochastically and jumps with jump in return.
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The stock price dynamics without level dependence

An alternative representation:

dFt/Ft = δX−p
t dWt +

√
vZ
t dZt

+
∫

R0
(ex − 1)

(
µ(dx , dt)− πJ(x)dxv J

t dt
)
.

Return variance is driven by three state variables (Xt , v
Z
t , v

J
t ), with

no additional level dependence.

Let vX
t = δ2X−2p

t , we obtain a three-factor stochastic volatility model:

dFt/Ft =
√

vX
t dWt +

√
vZ
t dZt

+
∫

R0
(ex − 1)

(
µ(dx , dt)− πJ(x)dxv J

t dt
)
.

where

dvX
t = κX (vX

t )2dt − σX (vX
t )3/2dWt ,⇐ a 3/2-process.

with κX = p(2p + 1) and σX = 2p. Henceforth, normalize δ = 1.

The model can be represented either as a local vol model with level
dependence or a pure scale-free stochastic volatility model without level
dependence — unifying the two strands of literature.
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Market prices of risks and statistical dynamics

The specifications so far are on the risk-neutral dynamics:

The forward price, forward asset value, and leverage ratio Xt are all
assumed to be martingales under Q.

Their deviations from the P dynamics reflect the market prices of risks.

Managers make financial leverage decisions according to the current
levels of all three types of risks:

dXt = X 1−p
t

(
aX − κXX Xt − κXZ vZ

t − κXJv J
t

)
dt + X 1−p

t dW P
t .

Market price of Wt risk is γX
t = aX − κXX Xt − κXZ vZ

t − κXJv J
t .

κXX : Mean reversion, leverage level targeting.
κXZ : Response to diffusion business risk.
κXJ : Response to jump business risk.

Constant market prices (γv , γJ) for diffusion variance risk (Zt) and jump
risk (Jt).
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Option pricing

Consider the forward value of a European call option:

c (Ft ,K ,T ) = Et

[
(FT − K )+

]
= Et

[
Et

[
(XAT − K )+

∣∣∣ (XT = X )
]∣∣∣Xt

]
= Et [X · C(At ,K/X ,T )|Xt ]

where C(At ,K ,T ) ≡ E [(AT − K )+] is the forward call value on asset.

Option valuation follows a two-step procedure:

Derive the Fourier transform of the asset return. Apply fast Fourier
inversion (FFT) to compute the call value on asset C. — Order
N ln(N) computation.

Integrate the call value XC over the known density of XT = X
conditional on Xt :

f (XT = X ,Xt) = X 2p− 3
2 X

1
2

t

p(T−t) exp
(
− X 2p

t +X 2p

2p2(T−t)

)
Iv
(

X p
t X

p

p2(T−t)

)
, v = 1

2p

— Quadrature method.
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Data

OTC implied volatility quotes on SPX options, January 1996 to March
2008, 583 weeks.

40 time series on a grid of

5 relative strikes: 80, 90, 100, 110, 120% of spot.

8 fixed time to maturities: 1m, 3m, 6m, 1y, 2y, 3y, 4y, 5y.

Listed market focuses on short-term options (within 3 years).
OTC market is very active on long-dated options.

At one maturity, an implied volatility smile/skew can be generated
by many different mechanisms — all you can learn is a heavy-tailed
distribution.

To distinguish the different roles played by the different
mechanisms, we need to look at how these smiles/skews evolve
across a wide range of maturities and over different time periods.
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The average implied volatility surface and skew: CLT?
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Implied volatilities show a negatively sloped skew along strike.
⇔ Return distribution has a down-side heavy tail.

The skew slope becomes flatter as maturity increases due to scaling:
80% strike at 5-yr maturity is not nearly as out of money as
80% strike at 1-month maturity.

When measured against a standardized moneyness measure
d = ln(K/100)/(IV

√
τ), the skew defined as,

SKt,T =
IVt,T (80%)−IVt,T (120%)
|dt,T (80%)−dt,T (120%)| , does NOT flatten as maturity increases.

⇔ Central limit theorem does NOT kick in up to 10 years.
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Time series behavior: IID?
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Principal component analysis
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3 PCs explain 96.6% of variation: 85.1%, 8.2%, 3.3%.

The 1st PC (blue solid line) — the average volatility level variation.
The 2nd PC (green dashed) — the variation in the term structure.
The 3rd PC (red dash-dotted) — the variation along strike.

The ranking of the 2nd & 3rd PCs can switch for listed options data as
the listed market has more quotes along strikes than maturities.
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Principal component loadings on the implied vol surface
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1 Stochastic volatility � (Xt , v
Z
t , v

J
t )

2 Stochastic term structure � Different term structure responses to
shocks from (Xt , v

Z
t , v

J
t ).

3 Stochastic skew � variations of vZ
t versus (Xt , v

J
t ).
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Cross-correlogram with the index return
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A negative shock to index return is instantaneously associated with

a positive shock to the volatility level (−0.8114)
a steepening of the skew (−0.707)
a flattening of the term structure [TS=5y-1mATMV] (0.7643)

Over-reaction — Reversion in ATMV, SK, and TS one week later.

Long-run prediction — High vol/skew predicts high return in 2 months.
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Asymmetric interactions
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Self-exciting behavior: Implied volatility and skew respond more to large
downside index jumps than upside index jumps.
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Model estimation, with dynamic consistency

The model has 10 parameters (p, κZ , θZ , σZ , ρ, κJ , θJ , σJ , vJ+ , vJ−) and
three hidden state variables (Xt , v

Z
t , v

J
t ) to price 40 options each date.

We fix the model parameters over time and use the 3 state variables to
capture the variation of the 5× 8 implied volatility surface.

We cast the model into a state-space form:

Let Vt ≡ [Xt , v
Z
t , v

J
t ] be the state. State propagation equation:

Vt = f (Vt−1; Θ) +
√

Qt−1 εt .
— 6 additional parameters (a, κXX , κXZ , κXJ , γ

v , γJ).

Let the 40 option series be the observation. Measurement
equation: yt = h(Vt ; Θ) +

√
Ret , (40× 1)

y : OTM option prices scaled by the BS vega of the option.
Assume that the pricing errors on the scaled option series are iid.

Estimate 17 parameters over 23,320 options (11 years, 583 weeks,
40 options each day), using (quasi) maximum likelihood method
joint with unscented Kalman filter.
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Pricing performance

K/τ 1 3 6 12 24 36 48 60

Root mean squared pricing error in volatility points: Average=0.83
80 2.216 1.103 1.050 0.836 0.607 0.550 0.770 1.064
90 1.225 0.727 0.701 0.641 0.445 0.279 0.445 0.758

100 1.111 0.409 0.474 0.555 0.418 0.286 0.377 0.657
110 1.499 0.720 0.720 0.717 0.551 0.436 0.465 0.674
120 4.014 1.081 1.057 0.984 0.714 0.561 0.572 0.735

R2: Average=95.6%
80 0.897 0.972 0.961 0.970 0.983 0.987 0.971 0.936
90 0.965 0.985 0.982 0.982 0.990 0.996 0.989 0.965

100 0.968 0.994 0.991 0.986 0.991 0.996 0.992 0.977
110 0.930 0.979 0.977 0.974 0.984 0.989 0.989 0.978
120 0.293 0.938 0.939 0.945 0.971 0.981 0.981 0.973

The errors are on average within the bid-ask spreads.
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Mean reversion in implied volatility and its pricing errors

K/τ 1 3 6 12 24 36 48 60

Implied vol: Average=0.976, 30 weeks
80 0.937 0.965 0.974 0.981 0.986 0.987 0.988 0.988
90 0.937 0.963 0.973 0.980 0.986 0.987 0.988 0.988

100 0.936 0.962 0.972 0.980 0.985 0.987 0.988 0.988
110 0.944 0.961 0.972 0.980 0.985 0.987 0.988 0.988
120 0.963 0.969 0.972 0.980 0.984 0.987 0.988 0.989

Pricing error: Average=0.906, 8 weeks
80 0.764 0.903 0.949 0.952 0.943 0.917 0.961 0.978
90 0.770 0.900 0.923 0.936 0.917 0.808 0.921 0.965

100 0.856 0.771 0.858 0.923 0.911 0.832 0.891 0.950
110 0.846 0.876 0.933 0.949 0.944 0.924 0.924 0.945
120 0.799 0.870 0.946 0.964 0.960 0.949 0.949 0.951

The errors are more predictable than volatilities.
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Relative variance and skew contributions

Θ Estimates Std Error

p 2.8427 0.0074
ρ -0.8354 0.0016
σJ 5.6355 0.0272
vJ+ 0.0000 0.0000
vJ− 0.1926 0.0002

Average instantaneous return variance contributions from (Xt , v
Z
t , v

J
t )

Source Notation Variance Vol

Financial Leverage EP[X−2p
t ] 0.0119 10.91%

Diffusion Business risk EP[vZ
t ] 0.0231 15.19%

Jump Business risk EP[(v 2
J+ + v 2

J−)v J
t ] 0.0116 10.79%

All three types of interactions are strong: Leverage effect (p = 2.8427),
volatility feedback (ρ = −0.8354), and self-excitement ( σJ = 5.6355).

Much larger downside jumps than upside jumps (vJ− ≥ vJ+ ).
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Different term structure effects

Θ Estimates Std Error

p 2.8427 0.0074
κZ 3.0114 0.0127
κJ 0.0009 0.0000

Different risk-neutral dynamics ⇒ different term structure responses:

vX
t : Mean-repelling (drift=p(2p + 1)(vX

t )2dt)
⇒ Responses to shocks become larger at longer maturities.

vZ
t : Strong mean reversion (κZ = 3.0114)
⇒ Responses decline quickly as option maturity increases.

v J
t : Slow mean reversion (κJ = 0.0009)
⇒ Responses do not decline.

Liuren Wu (Baruch) Leverage Effect, Volatility Feedback, and Self-Exciting Market Disruptions7/30/2010 23 / 27



The term structure of at-the-money implied volatility
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Solid lines: Evaluated at the sample average of (Xt , v
Z
t , v

J
t ).

Dashed lines: Evaluated at 90th-percentile for one state variable.

Dashed lines: Evaluated at 10th-percentile for one state variable.

⇒ The impacts are vZ
t (volatility feedback) are mainly an short term options.

Xt (leverage) and v J
t (self-exciting jump) extend to long-term options.
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Market prices of risks

Θ Estimates Std Error

γv -17.4507 0.3048
γJ 0.4468 0.0023

(i) Market price of diffusion variance risk (γv ) is highly negative →
Negative variance risk premium.

Market price of return jump risk (γJ ) is positive:

Risk-neutral return innovation distribution is more negatively
skewed than the statistical distribution:
vP
J+ = vJ+/(1− γJvJ+ ) > vJ+ , vP

J− = vJ−/(1 + γJvJ−) < vJ− .
(ii) Instantaneous variance contribution from jumps is larger under
the risk-neutral measure than under the statistical measure:
(v 2

J+ + v 2
J−)v J

t ) > ((vP
J+ )2 + (vP

J−)2)v J
t ).

(iii) Negative risk premium on the jump arrival rate (v J
t ):

σJ(vP
J− − vJ−)v J

t < 0.

(i), (ii), & (iii) ⇒Negative index return variance risk premium.

Shorting options (variance) makes money on average.
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The capital structure decision

dXt = X 1−p
t

(
aX − κXX Xt − κXZ vZ

t − κXJv J
t

)
dt + X 1−p

t dW P
t

Θ Estimates Std Error

aX 0.0003 0.0000
κXX 0.0001 0.0000
κXZ 17.5360 0.3087
κXJ -0.0774 0.0000

κXX = 0.0001: Capital structure is very persistent.

κXZ = 17.536: High diffusion business risk reduces Xt and hence
increases the financial leverage.

κXJ = −0.0774: High jump business risk increases Xt and hence reduces
the financial leverage.

⇒ The key concern of financial leverage is default/crash (sustainability), not
daily fluctuations — Levering up increases your fluctuation, but also increases
your return, ... if only you can survive.
Potentially better stories on different types of single-name companies ...
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Concluding remarks

Many models/mechanisms can generate an implied volatility smile
(non-normal return distribution).

The implied volatility smile variations across maturities and time provide
information on the relative contribution of each channel.

It is helpful to separate the modeling of the financial leverage and the
business risk

to bridge the gaps in the literature,
to disentangle the different mechanisms of interactions, and
to generate good pricing performance on equity options over both
short and long option maturities.

The approach has potentials in analyzing single name stock options.

Link the different capital structure management styles to the
different behaviors of the implied volatility surface.
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